Abstract. Any distributive lattice admits a semiring structure in a natural way and this particular semiring satisfies some new distributive properties. The purpose of this note is to study whether a semiring with some or all of these new distributive properties admits the natural distributive lattice structure, and thus obtain Birkhoffs theorem as a corollary. Furthermore, characterizations of semirings satisfying some or all of these new distributive properties are obtained. 
A triple (S, +, ■) is a semiring if (S, ■) and (S, + ) are semigroups, and a(b + c) = ab + ac and (b + c)a = ba + ca for every a, b, c in S. Any distributive lattice (S, V» A) admits naturally a semiring structure (S, +, •) where a + Z> = a V Z» and ab = a f\b for every a, b in S. This semiring also satisfies the following conditions: for every a, b, c in S, (A) a + be = (a + b)(a + c), (B) be + a = (b + a)(c + a), (C) a = a + ab = a+ ba, (D) a = ab + a = ba + a. The natural questions that arise are, whether some or all of the above conditions on a semiring imply that the semiring admits the above natural distributive lattice structure and whether these conditions are independent. Birkhoff [1, p. 135] provided necessary and sufficient conditions for a semiring containing a multiplicative identity to admit the above natural distributive lattice structure. Now, in this note we prove the same theorem for semirings not necessarily containing identity and characterize semirings with some or all of the above conditions in §2. We refer the reader to [2] for all the undefined terms in semigroup theory. '0' is called zero of a semiring (S, +, -)ifx-0 = 0-x = 0 and x+0 = 0 + x = x for every x in S. e is called a multiplicative identity in (S, (ii) S satisfies condition (B) iff(S, ■) is a band.
(in) S satisfies condition (D).
(iv) If \S\ > l, S does not satisfy condition (C).
(v) S does not contain Oif\S\ > I.
Example 1. Let (S, •) be a semigroup, which is not a band. Define left zero addition, i.e., a + b = a for every a, b in S. Then (S, +, • ) is a semiring and for every a, b, c in S, a + be = a. If a ¥= a2, then (a + b)(a + c) = a ■ a ¥* a. Therefore S does not satisfy (A), but S satisfies (C).
In the following we shall prove the implications under some hypothesis. Thus (A) is satisfied. Similarly it can be proved a = a + ab.
The following example exhibits that (A) need not imply (B). Example 2. Let S -{0, a, e). Set e = e + e = e + a and a = a + a = a + e = a ■ a. Let 0 and e act as zero and a multiplicative identity, respectively. Then the semiring (S, +, •) satisfies (A) but (B) does not hold because e = 0+e=a-0 + e, whereas (a + e)(0 + e) = ae = a.
In the presence of zero, we will show later (in 2.8) that (A) implies (B) iff (S, +) is a commutative semigroup. Now we study how the additive and multiplicative structures are related under these new conditions on a semiring. In any semiring (S, +, •), if (S, •) is a rectangular band, then (S, +) is a band, since for every x in S, we have x = x(x + y)x = x3 + xyx = x + x. If, in addition, the above semiring satisifies condition (C), we have the following: Therefore a = 4a2. Then 5a = 4a + a = 4a + 4a2 = 4a, which implies 8a = 5a + 3a = 4a + 3 a = la. Continuing in this way, we have 8a = 4a. Thus for every a in S, 4a is an idempotent. Therefore a = 4a2 is an additive idempotent. Thus (S, + ) is a band. Now Proof. By virtue of Propositions 1.4(iii) and 1.2(ii), (ii) and (iii) separately imply (i). So we may assume (i). Now by 4.7 of [2, p. 44], the band (S, •) admits a decomposition S = Ua6E/ Sa, where / is a semilattice and each (Sa, ■) is a rectangular band. In fact (Sa, +, ■) is a semiring. For this, it suffices to show that whenever x,y E Sa, x + y E Sa. As noted in [2, p. 29] two elements a and Z» of S belong to the same (AZ-class) Sa iff for every completely prime ideal P either both a and b belong to P or neither of them belongs to P. If P is a completely prime ideal in (S, •) containing x and y, then x + y G P since P is closed under addition by hypothesis. Conversely let P be a completely prime ideal in (S, •) such that x + y E P. Since x = x + xy = x(x + y), x E P. Hence x + y G Sa. Thus (Sa, +, •) is a semiring. Since each Sa also satisfies (C) and (Sa, •) is a rectangular band, (Sa, +) is a left zero semigroup by Proposition 1.3.
Note. The converse of the above theorem need not be true even if the semilattice is replaced by a chain. Let S = {x,y}. Define x = x + x = xx and y = y + y = yy = x+y=y + x = xy= yx. (S, +, •) is a semiring. Also S = {x} u { y}, where each of these sets is a semiring with the properites described in the theorem. But S does not satisfy condition (C) since x + xy = x+y=y¥=x. Also S does not contain 0. The above corollary need not be true if the commutativity of (S, +) is replaced by the commutativity of (S, ■). Example 2 proves this assertion.
Finally we conclude that Theorem 2.4 is false if we omit either condition (A) in (i) or the condition that (S, •) is a band in (ii). Let (S, +) be an additive group adjoined with 0. Define x ■ y = 0 for every x,y in S. Then (S, +, •) is a semiring satisfying conditions (C) and (D). (S, •) is not a band and also S does not satisfy condition (A). Clearly (S, +, ■) does not admit the above natural distributive lattice structure since (S, •) fails to be a band.
